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1. Equivalence between using Trivial Templates and the Huber Loss Function
Let R = Y−UV′ = [rij ] and E = [eij ]. The objective function φ(V,E; U) in Eqn. 6 of the paper can be expressed as:

φ(V,E; U) =
1

2
‖Y −UV′ −E‖2F + λ‖E‖1 + γ‖V‖1

=
1

2
‖R−E‖2F + λ‖E‖1 + γ‖V‖1

=
∑
i

∑
j

[
1

2
(rij − eij)2 + λ|eij |

]
+ γ‖V‖1.

(A1)

Since φ(V,E; U) is not differentiable at eij = 0, we cannot use an ordinary gradient method for the minimization w.r.t. eij .
Instead, we resort to a subgradient method. Let us consider the gradients s+ and s− to the right and left of eij = 0,
respectively:

s+ = lim
eij→0+

dφ

deij
= −rij + λ

s− = lim
eij→0−

dφ

deij
= −rij − λ.

(A2)

We consider three cases below:

1. s+ ≥ 0 and s− ≤ 0 (i.e., |rij | ≤ λ):

e∗ij = 0. (A3)

2. s+ ≤ 0 and s− ≤ 0 (i.e., rij ≥ λ and e∗ij ≥ 0):

dφ

deij
= 0⇒ −(rij − eij) + λ = 0⇒ e∗ij = rij − λ. (A4)

3. s+ ≥ 0 and s− ≥ 0 (i.e., rij ≤ −λ and e∗ij ≤ 0):

dφ

deij
= 0⇒ −(rij − eij)− λ = 0⇒ e∗ij = rij + λ. (A5)

These three cases can be summarized by the following which may be regarded as applying a soft-thresholding operation to
the residue rij :

e∗ij =

{
0 |rij | < λ

sgn(rij) (|rij | − λ) otherwise.
(A6)

We then substitute the optimal e∗ij in Eqn. A6 into φ(V,E∗; U) to eliminate E∗. Two cases are considered separately:
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1. If |rij | < λ, then e∗ij = 0 and hence
1

2
(rij − e∗ij)2 + λ |e∗ij | =

1

2
r2ij . (A7)

2. If |rij | ≥ λ, then e∗ij = sgn(rij) (|rij | − λ) and hence

1

2
(rij − e∗ij)2 + λ |e∗ij | =

1

2

[
rij − sgn(rij) (|rij | − λ)

]2
+ λ (|rij | − λ)

=
1

2

[
|rij | − (|rij | − λ)

]2
+ λ(|rij | − λ)

=
1

2
λ2 + λ|rij | − λ2

= λ |rij | −
1

2
λ2.

(A8)

Consequently, we reveal the connections between using trivial templates and the Huber loss function via the objective function
in Eqn. 2 of the paper:

f(V; U) =
∑
i

∑
j

`λ(yij − u′i·vj·) + γ‖V‖1, (A9)

where `λ(·) denotes the Huber loss function [2] with parameter λ, which is defined as

`λ(r) =

{
1
2r

2 |r| < λ

λ|r| − 1
2λ

2 otherwise.
(A10)

2. Proof of Theorem 1
To facilitate proving this theorem, we first define the following surrogate function by expressing the Huber loss as a

weighted `2 loss function:

h(V; U,Wp) =
∑
j

h(vj·; U,W
p)

=
∑
j

{∑
i

[
1

2
wpij(yij − u′i·vj·)

2

]
+ γ‖vj·‖1

}
,

(A11)

where

wpij =

{
1 |rpij | < λ
λ
|rpij |

otherwise.
(A12)

The property of this surrogate function and its relationship with the original objective function f(V; U) are given by the two
lemmas below:

Lemma 1. The following inequality holds under the update rule in Eqn. 4 of the paper:

h(vp+1
j· ; U,Wp) ≤ h(vpj·; U,W

p). (A13)

Lemma 2. Based on the definition of W in Eqn. A12, the following inequality holds:

f(Vp+1; U)− f(Vp; U) ≤ h(Vp+1; U,Wp)− h(Vp; U,Wp). (A14)

To prove Lemma 1, we first introduce a definition for auxiliary functions:

Definition 1. g(vj· | vpj·) is an auxiliary function for h(vj·; U) if it satisfies

g(vj· | vpj·) ≥ h(vj·; U,W
p), for any vj·

g(vpj· | v
p
j·) = h(vpj·; U,W

p).
(A15)
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Proof of Lemma 1. Let us consider the following auxiliary function g(vj· | vpj·) for h(vj·; U):

g(vj· | vpj·) = h(vpj·; U,W
p) + (vj· − vpj·)

′∇h(vpj·; U,W
p) +

1

2
(vj· − vpj·)

′K(vpj·) (vj· − vpj·), (A16)

where K(vpj·) is a diagonal matrix with the (k, k)th diagonal element given by

K(vpj·)kk =
(U′ΩjUvpj·)k + γ

vpjk
, (A17)

and Ωj is a diagonal matrix with the (i, i)th diagonal element being wpij . It is obvious that g(vpj· | v
p
j·) = h(vpj·; U,W

p). To
show that g(vj· | vpj·) ≥ h(vj·; U,W

p), we first express h(vj·; U,W
p) using the Taylor expansion as follows:

h(vj·; U,W
p) = h(vpj·; U,W

p) + (vj· − vpj·)
′∇h(vpj·; U,W

p) +
1

2
(vj· − vpj·)

′ (U′ΩjU) (vj· − vpj·). (A18)

It is sufficient to show that
(vj· − vpj·)

′ (K(vpj·)−U′ΩjU
)

(vj· − vpj·) ≥ 0. (A19)

This is a simple extension of the result in [1]. Next, it is easy to see that each diagonal element of K(vpj·) is positive. Thus
K(vpj·) is a positive definite matrix. This implies that g(vj· | vpj·) is a strongly convex function with a unique global optimum
which is achieved when∇g(vj· | vpj·) = 0. After solving it and rewriting it in matrix form, we obtain the update rule in Eqn.
4 of the paper.

Proof of Lemma 2 . We first note that because the regularizer γ‖V‖1 cancels out on both sides of the inequality, we can
simply omit it in the following proof by focusing only on the loss functions. We consider two cases for each entry:

1.
∣∣rpij∣∣ < λ:
In this case, wpij = 1. By definition, `λ(rpij) = 1

2 (rpij)
2. So we have

`λ(rp+1
ij )− `λ(rpij) =

wpij
2

(rp+1
ij )2 −

wpij
2

(rpij)
2. (A20)

2.
∣∣rpij∣∣ ≥ λ:
In this case, wpij = λ/|rpij |. Since

`λ(rp+1
ij )− `λ(rpij)−

[
wpij
2

(rp+1
ij )2 −

wpij
2

(rpij)
2

]
= λ

∣∣rp+1
ij

∣∣− λ∣∣rpij∣∣−
[
wpij
2

(rp+1
ij )2 −

wpij
2

(rpij)
2

]

= λ
∣∣rp+1
ij

∣∣− λ2

wpij
−

[
wpij
2

(rp+1
ij )2 − λ2

2wpij

]

= −
wpij
2

[
(rp+1
ij )2 −

2λ
∣∣rp+1
ij

∣∣
wpij

+
λ2

(wpij)
2

]

= −
wpij
2

(∣∣rp+1
ij

∣∣− λ

wpij

)2

≤ 0,

(A21)

it follows that

`λ(rp+1
ij )− `λ(rpij) ≤

wpij
2

(rp+1
ij )2 −

wpij
2

(rpij)
2. (A22)

By combining Eqn. A20 and Eqn. A22 for all entries, we can prove Lemma 2.

With these two lemmas, the proof of Theorem 1 in the paper is trivial:

Proof of Theorem 1. From Eqn. A13 and Eqn A14, we get:

f(Vp+1; U)− f(Vp; U) ≤ h(Vp+1; U,Wp)− h(Vp; U,Wp) ≤ 0. (A23)

So the objective function f(V; U) is non-increasing under the update rule in Eqn. 4 of the paper.
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3. Proof of Theorem 2
Minimizing h(V; U,Wp) subject to the non-negativity constraint V ≥ 0 is equivalent to minimizing the following

Lagrangian function:

L(V; U) =
∑
j

{∑
i

[
1

2
wpij(yij − u′i·vj·)

2

]
+ γ‖vj·‖1

}
+ tr(ΦTV), (A24)

where Φ denotes the Lagrange multipliers for the non-negativity constraint V ≥ 0. Based on the Karush–Kuhn–Tucker (KKT)
conditions, we have Φjkvjk = 0. By setting the first derivative of L(V; U) to 0 for each j, k, we get:

−
[∑

i

wpijyijui·

]
k

+
[∑

i

wpiju
′
i·ui·vj·

]
k

+ Φjk + γ = 0. (A25)

Multiplying both sides by vij and noting that Φjkvjk = 0, we get(
−
[∑

i

wpijyijui·

]
k

+
[∑

i

wpiju
′
i·ui·vj·

]
k

+ γ

)
vjk = 0(

−
[
(Wp �Y)′U

]
jk

+
[(

Wp � (U(Vp)′)
)′

U
]
jk

+ γ
)
vjk = 0.

(A26)

When we apply Eqn. 4 in the paper until convergence, the converged solution satisfies the KKT conditions above. This
implies that it is the optimal solution of the original optimization problem.
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